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Abstract 

It has been reported in a number of publications 
that  measured values of superlattice thermal conduc- 
tivities, for example, GaAs/A1As, Si/Ge, InAs/A1Sb, 
etc., do not compare well with expected or modeled 
values. There are questions about measurement tech- 
niques that  are used and some improvements are be- 
ing made. One of the used techniques is the 3(omega) 
measurement of thermal conductivity of superlattices. 
Some of these issues will be addressed in our work. 
The full two-scale heat transport and electrodynamics 
governing equations are used to achieve understanding 
of the possible mechanisms that  play a role in shap- 
ing the effective (measured) coefficients of thermal and 
electrical conductivities in superlattices. It is shown 
that  the issues of simulation or measurement of the 
effective coefficients at the upper scale are essentially 
the same as simulation of the complete two-scale prob- 
lem in its complexity. Some of these concerns have 
been dealt with elsewhere. Here we will contribute to 
understanding of surficial transport  and its inclusion 
into simulation procedures on the upper scale, and the 
problem of interaction of charge carriers transport  and 

heat transport on both scales. Possible improvements 
of techniques for measuring superlattices conductivities 
will be suggested. 

NOMENCLATURE 

% -  specific heat [J/(kg.  /()] 
ds - interface differential area in porous medium [m 2] 
0S12 - internal surface in the REV [rn 2] 
D - electric flux density [C/m 2] 
E -  electric field [V/m] 

- {f i}c VAT intrinsic phase averaged over A ~  value 

f 
< f > f  - VAT phase averaged value f ,  averaged over 
A~i  in a REV 
^ 
f - VAT morpho-fluctuation value of f in a ~i 
j - current density [A/m 2] 
< f >t - t ime averaged value f 
kl -- k f -  fluid phase thermal  conductivity [W/(mK)] 
k2 --- ks - homogeneous effective thermal conductivity 
of solid phase [W/(mK)] 
H - magnetic field [A/m] 
( ra) -  averaged porosity [-] 
(s2)-  solid phase fraction [-] 
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hs2i - solid phase fraction [-]
S12 - speciÞc surface of a porous medium ∂S12/∆Ω
[1/m]
T - temperature [K]

Subscripts f ≡ 1 - phase 1 or ßuid phase
s ≡ 2 - solid phase
c - charge

Superscripts ∼- value in phase averaged over the phase
∆Ωn
∗ - complex conjugate variable

Greek letters ε − dielectric permittivity [Fr/m]
µ - magnetic permeability [H/m]
ρ - electric charge density [C/m3]
σ - medium speciÞc electric conductivity [A/V/m]
Φ - electric scalar potential [V]
∆Ω- representative elementary volume (REV) [m3]

∆Ω1 = ∆Ωf - pore or phase 1 volume in a REV [m3]
∆Ω2 = ∆Ωs- second or phase 2 volume in a REV [m3]

INTRODUCTION

The mathematical description of the coupled ther-
mal transport and electromagnetic wave propagation
Þelds for heterogeneous media were developed recently
using spatial non-local theorems from volume averag-
ing theory (VAT) as a method for accounting for mul-
tiple scale characteristics and their interactions. The
VAT approach has been successfully applied during the
past ten years to a number of difficult problems in the
ßuid mechanics and thermal physics of heterogeneous
media, speciÞcally of porous media. The main idea
of performing transport and Þeld description of elec-
trodynamics problems in heterogeneous media through
the spatial non-local theorems of the volume averaging
theory (VAT) is to provide the means to account for lo-
cal and non-local, phase and interface phenomena and
requirements.
The vast majority of experimental methods are de-

signed for homogeneous processes or like homogeneous,

making it difficult to assess the impact of hetero-
geneities. Meanwhile, it is the only major feature in
the nature which causes the very different behavior and
properties of matter or substances. The VAT provide
the tools of doing analysis of the heterogeneous experi-
mental data on the basis of heterogeneous theory based
on heterogeneous versions of Ostrogradsky-Gauss theo-
rem - not homogeneous classical mathematical models
and equations.

Analysis of few problems in electrodynamics in terms
of VAT was given in Ryvkina et al., (1998), Travkin et
al., (1999,2000), Ponomarenko et al., (1999a,b), and
Travkin and Catton, (2001), and there was shown that
what is calculated as effective coefficients in many cases
- as transient, nonlinear, interface dependent, with
non-constant characteristics on the lower level com-
ponents ( dependents on temperature, or acoustical
waves, or level of EM propagation) - they are not the
conventional effective characteristics. They are effec-
tive ones, but in the form not conventionally formu-
lated. First initial steps were made toward develop-
ment heterogeneous media experimental approaches in
thermal physics, ßuid mechanics and electrodynamics
based on the VAT tools Ponomarenko et al., 1999b;
Ryvkina et al., 1998,1999; Travkin et al., 2001a,b).

Volume Averaging Theory Derivations and Theorems

The basic idea of hierarchical medium description is
that the physical phenomena, mathematical presenta-
tion of those phenomena, and their models can be very
different and in most of situations are different even if
phenomena itself are identical, but the scales are differ-
ent and the lower scale features should be transported
to the upper level of description in such a mode that
useful information would be added to the characteris-
tics on the upper level.

Five types of two-phase medium averaging over the
REV function f are deÞned by the following averaging
operators arranged in the order of seniority (Whitaker,
1977, 1997; Primak et al., 1986, Travkin and Catton
1998)
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hfi = hfi1 + hfi2 = hs1i ef1 + (1− hs1i) ef2,
where the phase averages are given by

hfi1 = hs1i
1

∆Ω1

Z
∆Ω1

f
³
t,
→
x
´
dω = hs1i ef1,

hfi2 = hs2i
1

∆Ω2

Z
∆Ω2

f
³
t,
→
x
´
dω = hs2i ef2,

and the internal phases are given by

{f}1 = ef1 = 1

∆Ω1

Z
∆Ω1

f
³
t,
→
x
´
dω,

{f}2 = ef2 = 1

∆Ω2

Z
∆Ω2

f
³
t,
→
x
´
dω, (1)

where ef1 is an average over the space of phase one
∆Ω1 in the REV, ef2 is an average over the second phase
volume ∆Ω2=∆Ω - ∆Ω1, and hfi is an average over
the whole REV. There are also important heteroge-
neous averaging theorems for averaging of the spacial
∇ operator - analogs of Ostrogradsky-Gauss theorem.
The few of them that are needed to average the Þeld
equations are

{∇f}1 = ∇ ef + 1

∆Ω1

Z
∂S12

bf →
ds1, (2)

bf = f − ef, f ∀ ∆Ω1, (3)

h∇fi1 = ∇ hfi1 +
1

∆Ω

Z
∂S12

f
→
ds1, (4)

The following averaging theorem is found for the rot
operator

h∇× fi1 = ∇× hfi1 +
1

∆Ω

Z
∂S12

→
ds1 × f , (5)

and as a consequence, the theorem for the intraphase
average of ∇× f is found to be

{∇× f}1 = ∇× {f}1 +
1

∆Ω1

Z
∂S12

→
ds1 ×bf . (6)

These theorems applied to the physical processes in
heterogeneous media completely change the simulation
governing equations. More detail on the non-local VAT
procedures and governing equations for different physi-
cal problems modeled in homogeneous media by linear
and nonlinear mathematical physics equations can be
found in Travkin and Catton (1998, 2001).

Experimental Observations of Scaled Transport in

Superlattices

At present time the effort to advance the theory and
models of heterogeneous media based on VAT descrip-
tion into experimental practice is in the very initial
stage and actually does not exist as a Þeld. Only few
studies exist in this area. In the recent studies (Ryvk-
ina et al., 1998; Ponomarenko et al., 1999a,b; Ryvk-
ina et al., 1999) was outlined few of the VAT most
frequently addressed issues in application to the het-
erogeneous ferrite media experiment as, effective con-
ductivities and permittivities in singled and composite
medium. Next are studies on optimization of semicon-
ductor chip heat sink by Travkin and Catton (2000),
Travkin et al., (2001b, 2001d), Rizzi et al. (2001) in
which scaled approach allows the connection of the ho-
mogeneous lower scale heat transfer and convection in-
side the heat sink and upper scale bulk (actually aver-
aged) Þelds of momentum, energy transport and gen-
eral characteristics of effectiveness of the device.
As it appears due to application of VAT models

the issues of effective coefficients in heterogeneous me-
dia are multivariant. Unlike in homogeneous medium,
there are few coefficients can be derived for heteroge-
neous medium transport coefficients which have effec-
tive characteristics. The challenge at present moment
is for experimentalists to begin to realize the differ-
ence in data obtained when medium is heterogeneous
in essence.
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It has been reported in a number of publications
that measured values of superlattice thermal conduc-
tivities, for example, GaAs/AlAs, Si/Ge, InAs/AlSb,
etc., do not compare well with expected or modeled
values. There are questions about measurement tech-
niques that are used and some improvements have been
suggested for simulation of the process.
It is well known that the scale of measurements and

of the modeling must correspond one to another. This
obvious and simple principle is violated when what is
clearly a two scale physical problem is described on
the upper (measurement) scale with the same kind ho-
mogeneous mathematics as is used for the lower scale.
Substitution of effective coefficients into models of this
type is the primary question that must be dealt with.
Most of the additional terms in the VAT equations

are terms which based on effects of interface phenom-
ena and Þeld ßuctuations acting in the phase. There is,
however, a lack of experimental results and data reduc-
tion procedures particularly developed for the purpose
of experimental closure or veriÞcation of VAT semicon-
ductor heat sink governing equations.
A majority of thermal conduction experiments are

based on a constant heat ßux through the experimental
specimen and measurement of interface temperatures
(Figs. 1-2). Data reduction is accomplished using

K =
QL

A∆T
, (7)

where Q is the electrical power from heater dissipated
through the specimen, L is the distance used to mea-
sure the temperature difference, A is the uniform cross-
sectional area of the sample.

Effective Coefficients Modeling

Starting, we choose the conductivity problem and
Þrst will be treating the example of constant phase
conductivity coefficient conventional equations for the
heterogenous medium.
As shown elsewhere (see, for example, Travkin and

Catton, (2001) this mathematical statement is incor-
rect when the equation applied to the volume contain-
ing both phases, even when coefficient k (r) is taken

as random scalar or tensorial function. The reason for
that is incorrect averaging over the media which have
discontinuities. Conventional theories of treatment of
this problem do not specify what is the meaning of
the Þeld T, assuming that it is the local variable, or -
T = T (r) , where at the point r there is the point value
of potential T exists.
Standard deÞnition of effective (macroscopic) con-

ductivity tensor determines from the following equa-
tion

hji = −k∗ij h∇T i , (8)

in which assumed that

hji = −k1 h ∇T i1−k2 h ∇T i2 = −k∗ij h∇T i = −k∗ij∇ hT i =

= −k∗ij [h ∇T i1 + h ∇T i2] = −k∗ij h ∇T i1− k∗ij h ∇T i2 ,
(9)

so, for usually assumed an interface ∂S12 physics the
effective coefficient determines

k∗ij =
h
k1∇

³
hm1i eT1´+ k2∇³hm2i eT2´+

+(k2 − k1) 1

∆Ω

Z
∂S12

T2
→
ds2

 h∇T i−1 , (10)

involving knowledge of three different functions eT1,eT2, T2|∂S12
in the volume Ω. This formula for the steady

state effective conductivity can be shown is equal to the
known expression

k∗ij h∇T i = k2∇ hT i+ (k1 − k2) 1

∆Ω

Z
∆Ω1

∇T dω =

= k2∇ hT i+ (k1 − k2) h ∇T i1 . (11)

It is worth to note here that the known formulae for
the effective heat conductivity (or dielectric permittiv-
ity) of the layered medium
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k∗e =
X
i=1

hmii ki, i = 1, 2, (12)

for Þeld applied in parallel to interface of layers, and

k∗e =

"X
i=1

hmii
ki

#−1
, (13)

when the heat ßux is perpendicular to the interface,
are easily derived from the general expression (10).

Two-Scale Measurements of Heat and Charge Conductivities

in Superlattices

To measure and model a multilayer Þlms as scaled
hierarchical objects we will discuss here the two possi-
ble techniques. One is when the Scanning Laser Ther-
moelectric Microscope (SLTM) technique (see, for ex-
ample, the recent experiments performed by Borca-
Tasciuc and Chen, 1997, 1998; Borca-Tasciuc, 2000)
used for measurement of thermal conductivity and dif-
fusivity of thin Þlms - Fig. 3. The equation of heat
conduction in a homogeneous Þlm used for data reduc-
tion

∂Ti
∂t

= ai∇2Ti + Sihm, (14)

should be changed for the heterogeneous VAT heat
conduction equation with the corresponding VAT
boundary conditions. Some more simple morphologies
can be addressed easier than other. For example, the
columnar 2D grains structure of one layer Þlm on Fig.
(3) with the straight vertical intergrain boundaries can
supply needed morphological information for the clo-
sure of the VAT�s equations on both scales. The same
is to be said about closure of the heterogeneous VAT
equations for the superlattice Þlm as in Figs. (3-4).
Knowing the period, thicknesses of 2-, 3-, or 4 com-
ponent structure makes closure of governing equations
available.
After transformation of the equation (14) to the mov-

ing system of coordinates with scanning coordinate
x2 = x− Ut, this equation becomes

∂Ti
∂t

= U
∂Ti
∂x2

+ ai∇2Ti + Sihm. (15)

and used actually in modeling and data reduction of
these experiments. Meanwhile, the non-local tempera-
ture equation which actually corresponds to the local
equation (15) and corresponds to the scale of observa-
tion and measurements, can be written as

hmii ∂Ti
∂t

= hmiiU ∂
eTi

∂x2
+
U

∆Ω

Z
∂Sw

Ti ·
→
ds1+

+a1∇ ·
³
∇
³
hmi eTi´´+

+a1∇ ·
 1

∆Ω

Z
∂Sw

Ti
→
ds1

+ a1
∆Ω

Z
∂Sw

∂Ti
∂xj

·
→
ds1.(16)

This is the equation which should be used in super-
lattice effective conductivity coefficient data reduction
procedures when measurements done with SLTM. Ex-
ploring further the equation of heat transfer in each
i-th layer of superlattice as one with the ohmic heat
source due to impact of EM Þelds one can gets

cpiρi
∂Ti
∂t

= ∇ · (ki (Ti)∇Ti) + σiE2i . (17)

When one needs to study the more complete model
of heat transport using the features of ohmic as well as
dipolar heating the equations in each layer the set of
governing equations for temperature and polarization
Þeld P in a Debye material becomes

cpiρi
∂Ti
∂t

= ∇ · (ki (Ti)∇Ti)+

+σi (Ti)E
2
i−Pi

∂Ei

∂t
,

∂Ei

∂t
+ rτ i (Ti)Pi = βi (Ti)Ei, (18)

where rτ i and βi are the relaxation rates.
Derivation of dc VAT effective coefficients models

shows that the conditions for the upper and lower
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boundaries in effective composite medium approxima-
tions as the boundaries of laminated medium assumed
are usually not met. There is no surprise that in many
experiments (Ryvkina et al., 1998; Ponomarenko et al.,
1999a,b; Ryvkina et al., 1999) the effective coefficients
exceeded the parallel layers medium upper boundary
values.

Heat conductivity coefficient in superlattice structures

using the 3ω technique Another method used for as-
sessment of heat conductivity coefficient in superlat-
tice structures is the 3ω technique (Cahill et al. 1989;
Cahill, 1990; Cahill et al., 1992). Equations of heat
transfer in each i-th layer used

ρicpi
∂Ti
∂t

= ∇ · [(ki)∇Ti] ,
with IVth kind boundary conditions between them.

To take into account the a.c. electric Þeld the equation
in each of the layers of superlattice can be used in two
forms (with the constant coefficients, taken here for
simplicity)

∇2E−µσ∂E

∂t
−µε∂

2E

∂t2
= ∇

³ρc
ε

´
, (19)

∇2 (E (x, y, z)) + ω2µεE = e−iωt1

ε
∇ (ρc) , (20)

ε = const, σ = const,

µ = const,
_
ε =

³
ε− iσ

ω

´
const.

Non-local form of the electric Þeld wave equation be-
comes for layers (type m, main)

∇2
³
hsmi eEm

´
+∇ ·

 1

∆Ω

Z
∂Sms

Em

→
dsm

+
+
1

∆Ω

Z
∂Sms

∇Em ·
→
dsm=

= µmσm
∂ hEim
∂t

+ µmεm
∂2 hEim
∂t2

+

+
1

εm
∇ (hsmieρcm) + 1

εm∆Ω

Z
∂Sms

ρcm
→
dsm. (21)

As it can be observed the most advantages feature
of the heterogenous media electrodynamics equations
is the inclusion of terms reßecting phenomena on the
interface surface ∂Sms, and that fact can be used to
incorporate morphologically precisely multiple effects
occurring at the interfaces.
In a quasistatic form the VAT equation of electric

Þeld is in a semiconductor layered component 1 (or m)
looks (Travkin and Catton, 2001)

∇2
³
hm1i eE1

´
+∇ ·

 1

∆Ω

Z
∂S12

E1

→
ds1

+
+
1

∆Ω

Z
∂S12

∇E1 ·
→
ds1=

e−iωt

 1
ε1
∇ (hm1ieρ1) + 1

ε1∆Ω

Z
∂S12

ρ1
→
ds1

 , ε1 = const,
(22)

plus the similar equation of electric Þeld in a quasi-
static form in a dielectric layered component 2. There
are two dependencies usually used for assessing, for ex-
ample, the effective permittivity in a bulk material

hDi = εeff hEi , hEi = hm1i {E1}1 + hm2i {E2}2 ,
(23)

with the averaged volumetrically Þelds {E1}1 and
{E2}2 used in this formula. Also

hDi = hm1i {ε1E1}1 + hm2i {ε2E2}2 =

= hm1i
hneε1eE1

o
1
+
nbε1bE1

o
1

i
+

+ hm2i
hneε2eE2

o
2
+
nbε2bE2

o
2

i
,
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which becomes for ε1 = const, ε2 = const

hDi = hm1i ε1 {E1}1 + hm2i ε2 {E2}2 . (24)

Using these equalities the effective permittivity co-
efficient Þeld for superlattice can be presented for con-
stant phase components as

εeff =
hDi
hEi =

hm1i ε1 {E1}1 + hm2i ε2 {E2}2
hm1i {E1}1 + hm2i {E2}2

. (25)

In spite that this formula is based on the constant
phase permittivity coefficients it is still needs to incor-
porate the Þelds of averaged variables of electric Þeld
in both phases {E1}1 , {E2}2 . These functions are not
merely statistically (ensemble) or volumetrically aver-
aged E1 and E2. They should be found through the
properly constructed sets of models for upper {E1}1 ,
{E2}2 and often lower E1 and E2 scales (Travkin and
Catton, 1998,1999, 2001a; Travkin et al., 1999). Also,
the effective coefficients would be different for station-
ary and time-dependent Þelds.
As the number of layers in superlattice can be sub-

stantial then the actual response of superlattice and it�s
temperature, heat conductivity, and electromagnetic
microscale effective coefficients become a bulk (aver-
aged) quantities. The volume of averaging can reach a
proportion of a superlattice thickness in a cross-section
Figs. 3-4. Then, the number of mathematical con-
sequences and non-local models can be derived, with
the simplest set of governing equations for the two-
component superlattice.

Heat conductivity in plane and in cross section in a

superlattice

The case of parallel plates (2 kinds of layers) with
temperature Þeld applied parallel to the boundary sur-
faces: 2 alternating kind of plates the effective coeffi-
cient is simple for analysis

k∗q2 (r) = [k1 h∇T (r)i1 + k2 h∇T (r)i2] / h∇T (r)i =

=
h
k1∇

³
hm1i eT1´+ k2∇³hm2i eT2´+

+(k2 − k1) 1

∆Ω

Z
∂S12

T2
→
ds2

 /
/ [h ∇T i1 + h ∇T i2] =

=
³
k1 hm1i∇eT1 (r) + k2 hm2i∇eT2 (r)´ /
/
³
hm1i∇eT1 (r) + hm2i∇eT2 (r)´ , (26)

from which it is obvious that because the Þelds eT1 (r)
and eT2 (r) are not equal generally, then the problem of
Þnding the solutions for both are inevitable. Analysis
shows that the lower scale linear function known solu-
tions averaging do not correspond to the stated prob-
lem on the upper scale. This Þnding changes the ap-
proach for treatment of this problem.
Upper scale conventional equation of temperature

Þeld for which coefficient (26) was found as

∇ · ¡k∗q2 (r)∇ hT (r)i¢ = 0, r ∈ Ω,
hT (r)i = hm1i eT1 + hm2i eT2,

with the boundary conditions (BC) which are not
analogous to the homogeneous heat transfer BC. That
is all in the case when we want to analyze and simulate
the problem on the upper scale (measurement scale)
and, at the same time, just want to use only effective
coefficient k∗q2.
In all of the above only after acceptance of the idea

of temperature equilibrium eT1 = eT2 in both phases,
the known conventional formula for the effective con-
ductivity will work

k∗q2 =
X
i=1

hmii ki, i = 1, 2. (27)

In the case when temperature Þeld applied perpen-
dicular to the boundary surfaces: 2 alternating kind of
microscale sublayers (Figs. 3-4) one can get the similar
model
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k∗⊥2 = [k1 h∇T (x)i1 + k2 h∇T (x)i2] / h∇T (x)i =

=
h
k1∇

³
hm1i eT1´+ k2∇³hm2i eT2´+

+(k2 − k1) 1

∆Ω

Z
∂S12

T2
→
ds2

 /
/
³
hm1i∇eT1 (x) + hm2i∇eT2 (x)´ . (28)

The key element to obtain the simpliÞed formula is
the recognition that the traversing heat ßux at steady
state conditions is the same for both phases k1∇T1 =
k2∇T2. That formula may be used for substitution as
∇T2 = (k1/k2)∇T1, and the specific assumption for
this morphology is that the averaged variables can
be used in this equality (meaning that k1∇eT1 = k2∇eT2
), then following the above procedure one can obtain

k∗⊥2 =
h
(hm1i+ hm2i) k1∇eT1i /

/
h
(hm1i+ (k1/k2) hm2i)∇eT1i =

= [(hm1i+ hm2i) k1] /
·µhm1i

k1
+
hm2i
k2

¶
σ1

¸
=

=

"X
i=1

hmii
ki

#−1
, i = 1, 2, (29)

because as it is assumed that the values T2(∂S12) on
both surfaces are very close then

(k2 − k1) 1

∆Ω

Z
∂S12

T2
→
ds2 ∼= 0. (30)

This integral term (30) is never shown up in the ho-
mogeneous heat transfer treatment of this problem. We
must to recognize that the assumption k1∇eT1 = k2∇eT2
is generally not correct, but the equality

k1 h∇T (x)i1 = k2 h∇T (x)i2 ,

is correct for simple situations. Then, as long as
for the problem the heat ßuxes in each of two phases
formulates as

k1 h∇T (x)i1 = k2 h∇T (x)i2 ,
or

k1∇
³
hm1i eT1´+ k1 1

∆Ω

Z
∂S12

T1
→
ds1

= k2∇
³
hm2i eT2´+ k2 1

∆Ω

Z
∂S12

T2
→
ds2, (31)

meaning that the nominator in the effective coeffi-
cient formula can be written as

k1 h∇T (x)i1 + k2 h∇T (x)i2 =

= 2k2 hm2i∇eT2 + 2k2 1
∆Ω

Z
∂S12

T2
→
ds2 =

= 2k2 hm2i∇eT2 + 2k2 ·¡T2(21) − T(12)2¢ 1

∆x
REV

¸
=

= 2k2 hm2i∇eT2 + 2k2A, (32)

where

A =
1

∆Ω

Z
∂S12

T2
→
ds2 =

·¡
T2(21) − T(12)2

¢ 1

∆x
REV

¸
, (33)

where T2(21) means the value T2 on the boundary
surface where phase 2 changes to phase 1 (holding the
phase 1 at the right, so the ßux is going from left to
right side), and vice versa for the T(12)2 in the same
REV.
This relationship could be an equality for the certain

REV but could change in another REV - the simulation
is needed to provide an answer to this question.
That means also that the Þeld hm1i∇eT1 (x) in the

denominator can be substituted by using h∇T (x)i2 in
the equality (31) or
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hm1i∇eT1 (x) = 1

k1

k2 hm2i∇eT2 + k2 1
∆Ω

Z
∂S12

T2
→
ds2−

−k1 1
∆Ω

Z
∂S12

T1
→
ds1

 =

=
1

k1

k2 hm2i∇eT2 + (k1 + k2) 1

∆Ω

Z
∂S12

T2
→
ds2

 =
=
1

k1

h
k2 hm2i∇eT2 + (k1 + k2)Ai . (34)

Now, the whole expression for the k∗⊥2 becomes clear

k∗⊥2 = [k1 h∇T (x)i1 + k2 h∇T (x)i2] / h∇T (x)i =

=
h
k1∇

³
hm1i eT1´+ k2∇³hm2i eT2´+

+(k2 − k1) 1

∆Ω

Z
∂S12

T2
→
ds2

 /
/
³
hm1i∇eT1 (x) + hm2i∇eT2 (x)´ =

=
2k2 hm2i∇eT2 + 2k2A

1
k1

h
k2 hm2i∇eT2 + (k1 + k2)Ai+ hm2i∇eT2 (x) =

=
2
³
hm2i+A/

³
∇eT2´´h

1
k1
hm2i+ 1

k2
hm2i+ (k1+k2)

k1k2
A/
³
∇eT2´i . (35)

Now, let�s present the A value, which is the sur-
face integral over the singled out and bounded by ∂S12
phase 2, as

A =
1

∆Ω

Z
∂S12

T2
→
ds2 =

¡
T2(21) − T(12)2

¢ 1

∆x
REV

∼=

∼= ∇T2
µ

∆m2

∆m1 +∆m2

¶
= hm2i∇T2, (36)

where ∆m1 and ∆m2 are sub-volumes of the each
phase, and which is just the consequence of the homo-
geneous Ostrogradsky-Gauss theorem for a single do-
main (layer). Because we accepted in this substitution
the idea of negligible inßuence of lateral (in coordinates
(y, z) closing surfaces, this won�t be the exact equality,
but sufficiently close). When there are only two differ-
ent kinds of layers and thicknesses are maintained as
constants then this expression can be valid for almost
the whole superlattice (excluding close to the boundary
volumes). The accuracy of this substitution can be ver-
iÞed by numerical simulation. Next, after substitution
of this expression into the formula for k∗⊥2 one gets

k∗⊥2 =
2
³
hm2i+ hm2i∇T2/

³
∇eT2´´h

1
k1
hm2i+ 1

k2
hm2i+ (k1+k2)

k1k2
hm2i∇T2/

³
∇eT2´i =

=
2
³
1+∇T2/

³
∇eT2´´h

1
k1
+ 1

k2
+ (k1+k2)

k1k2
∇T2/

³
∇eT2´i . (37)

This formula presents the chance for development
of the experimental procedure for assessment of effec-
tive conductivity coefficient of the layer through the
solution of the problem for the only one phase or the
measurement of the only one phase temperature Þeld
properties.
When there are three or more phases are combined

in the superlattice then the sequence would play a sig-
niÞcant role and each morphology can change the data
reduction procedures.
The thermal ßux directions and the polarizations of

electromagnetic Þelds can have a number of key com-
binations. This situation also needed to be accounted
when the experimental set-up and data reduction are
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planned for semiconductor, magnetic etc. media. Di-
recting a study to include more then 2 scales of super-
lattice physics as the nanoscale and atomic scale is the
challenging but treatable task in brackets of scaled
VAT approach. Some of considerations pertinent to
nanoscale transport and coefficients given in Travkin
and Catton (2001b).

SUMMARY

The fundamental peculiarities of interface transport
and hierarchical mathematical coupling for measure-
ments of heat conductivity in superlattices bring to-
gether issues that have never actually been addressed
as a scaled phenomena. It is shown that accurate ac-
counting for scale interactions and, as is inevitable in
scaled problems, application of fundamental heteroge-
neous theorems to a scaled description of the Laplace
and ∇ operators bring to the upper scales completely
different mathematical governing equations and mod-
els. We have conducted some assessment of the dif-
ferences between the static upper scale and transient
nanoscale transport coefficients and show how the lat-
tice morphology and its irregularities inßuence the ef-
fective conductivities.

Developed scaled concepts to address the issues of
nanoscale multiphysics heat conductivity measurement
techniques in electronic materials. The two methods
usually applied toward these tasks are approached in
terms of hierarchical scaled theory of VAT.

It�s shown a number of situations when the two scale
VAT numerical simulation effort should be used to ad-
dress issues of coupled thermal - electrodynamic re-
sponse in a superlattice when effective conductivity is
studied.

There is also outlined a need to consider more ap-
propriately the scales of measurements and the models
used for a data reduction. Their correspondence is a
key issue when more then one scale heterogeneous ma-
terial is under investigation.
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